Abstract. Let (X, Y ) be a couple of quasi-Banach lattices of measurable functions on T × Ω satisfying some additional assumptions. The K-closedness of a couple of Hardy-type spaces (X A , Y A ) in (X, Y ) and the stability of the real interpolation (X A , Y A ) θ,p = (X A + Y A ) ∩ (X, Y ) θ,p are shown to be equivalent to each other and to the BMO-regularity of the associated lat-
Introduction
This work is mostly concerned with the stability of the real interpolation for Hardy-type spaces; see [11] for a comprehensive introduction to the subject with the appropriate references. In this brief informal introduction merely an attempt is made to describe a somewhat complicated subject, the stability of interpolation of Hardy-type spaces and related properties, before going into detail.
To give an illustrative example, for classical Hardy spaces the stability is the formula (H p , H q ) θ,r = [H p + H q ] ∩ (L p , L q ) θ,r = H r with 0 < θ < 1, 0 < p < q ∞, The real and complex interpolation of Hardy spaces were developed in the early 80s, and it was already rather well understood by the mid-90s, including the weighted and vector-valued cases. Moreover, for couples (H p (u) , H q (v )) with 1 p, q ∞ the condition log u v ∈ BMO completely characterizes the existence of a partial retraction from (L p (u) , L q (v )) and thus also the stability with respect to all interpolation functors (see [11] , [13] ; we note that the existence of a partial retraction and the stability with respect to general interpolation functors is still unclear for p < 1).
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However, interesting questions go beyond the stability for couples of weighted Hardy spaces. For spaces X of functions on the unit circle T the Hardy-type spaces X A consist of the functions from suitable spaces of analytic functions on the unit disk D such that their boundary values are in X. We work with rather general normed lattices of measurable functions X, also called the ideal spaces, because they are characterized by the inclusion L ∞ X ⊂ X. Some of the other names for these spaces in wide use are the Köthe function spaces and (simply) Banach functional spaces.
At the first glance it may seem as though not much can be done in such a general setting. However, for the complex interpolation of Hardy-type spaces a so-called BMO-regularity property that generalizes the condition log u v ∈ BMO above turned out to be necessary as well as sufficient under rather general assumptions; see [9] . Intuitively, the stability of interpolation imposes a restriction on the spaces to be "smooth" enough to allow the appropriate decompositions in spaces of analytic functions. The BMO-regularity property for one lattice characterizes the smoothness of its unit ball in a rather peculiar sense, describing the situation when any given function can be dominated by a weight w satisfying log w ∈ BMO with the control on the norm of the majorant and the BMO constant. These impressive results motivated a substantial amount of research trying, on one hand, to better understand the BMO-regularity property, and, on the other hand, to see if this property also characterizes the stability for the real interpolation and some other interesting related phenomena.
Indeed, for arbitrary couples (X A , Y A ) of Hardy-type spaces it was quickly realized that the BMO-regularity property is sufficient for the stability of the real interpolation, and even for the K-closedness of the corresponding couple. The K-closedness property of (X A , Y A ) in (X, Y ) means that arbitrary measurable decompositions of functions from X A + Y A into a sum of functions from X and Y can be made analytic with the appropriate control on the norm of the individual parts. Following [17] , we call this property the AK-stability of the couple (X, Y ).
The K-closedness property, along with the stability of interpolation, found many applications in analysis. We only mention briefly a couple of them here that are most familiar to the author and illustrate the power of these methods.
In [14] , a simple proof was found of a rather famous result [8] that the Grothendieck theorem about 2-summing operators holds true for the disc algebra C A . See also [15] and [7, Chapter 16] . This result is derived, essentially, from the stability of interpolation for couples of weighted Hardy spaces H 2 w
, H ∞ with certain weights w . Some related results use the stability of interpolation for couples of vector-valued Hardy spaces H ∞ (l s ) and other subtle interpolation properties. The results mentioned above appear to be some of the earliest applications of the stability of interpolation for Hardy spaces, and the constructions involved in the stability are quite elementary. These very applications motivated significantly the development of the theory of interpolation for Hardy-type spaces. On the other hand, we mention a recent result [18] , where an old problem about the vector-valued corona theorem with data in H ∞ l 1 was solved with the help of the AK-stability of a couple of weighted vector-valued spaces L ∞ (l ∞ ) (v), L ∞ l 1 v −1 . The weight v arises as a BMO-majorant of a function in L ∞ l 2 . Both the AK-stability of this couple and the BMO-regularity of L ∞ l 2 are rather nontrivial properties that were only established due to gradual and systematic development of the theory, mostly during the course of the 90s culminating with [16] , and, at least at present, unlike the former examples they are not easily verified by elementary constructions.
A natural question is whether BMO-regularity is also necessary as well as sufficient for the stability of the real interpolation, and for the AK-stability. This problem remained open, at least beyond some special cases, and the theory of the real interpolation of Hardy-type spaces does not seem to be complete without a more or less definitive answer to this question, which remained elusive for the 25 years since the BMO-regularity property was first introduced in [9] . In [28] the author claimed to have proven the equivalence under some restrictions. Unfortunately, it was recently discovered that these results are flawed, and the specific mistake is the formula [28, Proposition 18] ((X, Y ) α,p , Z) β,p = (X, (Y, Z) γ,p ) δ,p , which is false, e. g., with X = L 2,∞ , Y = L 1 , Z = L ∞ and γ = 1 2 . It was established correctly, however, that under some assumptions the necessary condition for a couple (X, Y ) to be AK-stable is the BMO-regularity of a real interpolation space (L 1 , X ′ Y ) θ,p , and the flawed part is the derivation of the BMO-regularity of X ′ Y from this property. In the present work we will see that, surprisingly, these two properties are in fact not equivalent, but the former property is equivalent to the AK-stability of the couple (X, Y ).
The main goal of the present work is to describe comprehensively the relationship between AK-stability, BMO-regularity and the stability of the real interpolation of Hardy-type spaces. We will show that under some standard assumptions the stability
the AK-stability of (X, Y ) and the inclusion X 1−θ Y θ A ⊂ (X A , Y A ) θ,∞ are completely characterized by a weaker BMO-regularity property. We will call it the weak-type BMO-regularity property: the BMO-regularity of a real interpolation space (L 1 , (X r ) ′ Y r ) θ,s with some r > 0, 0 < θ < 1 and 0 < s ∞. We will see that this property is also equivalent to the BMO-regularity of the couple ((X, Y ) α,p , (X, Y ) β,q ) with some α = β (equivalently, with all 0 < α < β < 1).
This result leads to previously unknown examples of couples of AK-stable lattices that are not BMO-regular. It suffices to consider lattices that coincide with the Lorentz spaces L p,qj with different values of q j when restricted on different sets. In turn, this indicates that even though the BMO-regularity and weak-type BMOregularity (equivalent to the AK-stability by our results) are very similar, there is a crucial difference between the two: the former is stable under multiplication with BMO-regular couples, whereas the latter is not.
A surprising new observation leading to these results is that a couple (
is AK-stable with some 0 < α < β < 1. This suggests the aforementioned examples, and it already allows us to characterize the AK-stability in terms of weak-type BMO-regularity under the assumption that X ′ Y is a Banach lattice. This observation suggests that, unlike BMO-regularity, the AK-stability property may be extended to wider couples on a scale. And indeed, this turns out to be the case: at least under some rather general assumptions, if (E, F ) is merely an AKstable couple of lattices of types C θj (X, Y ) with some 0 < θ 0 < θ 1 < 1 then (X, Y ) is also an AK-stable couple. Thus, the converse is true to a rather well-known result that couples of real interpolation spaces constructed from an AK-stable couple are also AK-stable. This result is rather involved, and unlike all the important results of the theory up to this point that take advantage of a fixed point theorem, the Fan-Kakutani fixed point theorem does not suffice for the argument, and we instead rely on the Powers fixed point theorem for compositions of acyclic maps.
This indicates that, unlike BMO-regularity, the AK-stability property of a couple is insensitive to relatively subtle nuances that do not significantly affect at least some intermediate couples of spaces of types C θj . As a consequence, we prove that as soon as one such couple (E, F ) is AK-stable then all of them are. In other words, either all such couples are simultaneously AK-stable, or all of them are simultaneously not AK-stable. Such a property seems to be rare for the stability of interpolation of subspaces in general, since it is easy to give examples of onedimensional subspaces where it fails.
These results depend in a crucial way on a stronger version of AK-stability that we call the bounded AK-stability, meaning that the respective analytic decompositions H = F + G for given measurable decompositions H = f + g ∈ X A + Y A can be made by multiplication with some bounded analytic functions U and 1 − U , i. e. F = U (f + g) and G = (1 − U )(f + g), which is equivalent to separate control of the norms of u = U g in X and v = (1 − U )f in Y . These functions u and v thus belong to the intersection X ∩ Y , so their norms can also be usefully estimated in terms of the norms of the spaces of type C θ (X, Y ).
It was noticed in [26] that the bounded AK-stability property allows us to improve the convexity of AK-stable lattices. We further develop these ideas, and prove a rather general result showing how even countable analytic decompositions, such as those that arise in the real interpolation spaces of couples of Hardy-type spaces, can often be made bounded in a similar sense. This allows us to improve the convexity of the couples that are stable with respect to the real interpolation, and gain the convexity that is required to apply the results [9] on the stability of the complex interpolation. We mention that there is a different approach to [9] to be published elsewhere that altogether avoids the nontrivial convexity assumptions. However, it still takes advantage of the general result about bounded analytic decompositions in the present work.
The plan of the paper is as follows. In the next Section 2 we give all the necessary formal definitions and state the main results. At the end of it we present examples of couples of lattices that are AK-stable but not BMO-regular. In Section 3 we establish some useful properties of the weak-type BMO-regularity that mostly follow the properties of the usual BMO-regularity. Then, in Section 4 the properties of the bounded AK-stability are studied, and we prove the main results for the case of nondiscrete additional variable. These results are much weaker compared to what we can do in the discrete case, but they are also rather short and simple, do not use fixed point arguments, and give a good idea of what is going on in the discrete case.
Most results after that require the second variable to be discrete. In Section 5 we briefly discuss the phenomenon of bounded N + -stability and bounded analytic decompositions in general, which also covers the notion of bounded AK-stability, and state a rather general result which will be proven in Section 7 with the help of a fixed point theorem. In order to do this, in Section 6 the topology of pointwise convergence on compact sets is introduced for Hardy-type spaces X A , and we prove that the Fatou property of the lattice X implies that the unit ball of X A is compact with respect to this topology. As an application, we show that the so-called strong AK-stability is equivalent to the usual one for quasi-Banach lattices.
The remaining thee sections contain the proof of the main result. In Section 8 the AK-stability of a couple (X, Y ) is derived from the inclusion
This also provides a nice, short and essentially self-contained proof that the stability for the real interpolation functor (·, ·) θ,∞ is equivalent to the AKstability for a Banach couple with the Fatou property. Moreover, the much simpler Fan-Kakutani theorem can be used in this argument instead of the Powers theorem with little additional effort. Section 9 contains the proof of the crucial observation that the bounded AK-stability of a couple of spaces of type C θj (X, Y ) implies the bounded AK-stability of (X, Y ). Finally, in Section 10 we prove the main result.
Statement of the main results
We mostly work with spaces of measurable functions on the measurable space T × Ω, where T is the unit circle with the Lebesgue measure and (Ω, µ) is some σ-finite measurable space that represents an additional variable. For technical reasons we will often assume Ω to be discrete, which means that Ω is at most countable.
A quasi-normed lattice of measurable functions X on a σ-finite measurable space M is a quasi-normed space of measurable functions X in which the norm is compatible with the natural order; that is, if |f | g for some function g ∈ X then f ∈ X and f X g X . For simplicity we only work with lattices X such that supp X = M up to a set of measure 0. For more detail on the normed lattices and their properties see, e. g., [10, Chapter 10] .
We say that X has the Fatou property if for any f j ∈ X, f j X 1 such that f j → f almost everywhere we also have f ∈ X and f X 1. For normed lattices X the Fatou property is equivalent to the closedness of the unit ball B X with respect to the convergence in measure on sets of finite measure, and it implies that X is a Banach lattice. X is said to have order continuous norm if for any nonincreasing sequence f j ∈ X converging to 0 we also have f j X → 0. The order dual X ′ can be defined as a lattice with the norm g X ′ = sup f ∈BX |f g|. The Fatou property is equivalent to (X ′ ) ′ = X, and the order continuity is equivalent to
For quasi-normed lattices X and Y of measurable functions on a σ-finite measurable space M the pointwise product XY is defined by the quasinorm h XY = inf h=f g f X g Y , and the power X δ , δ > 0 (sometimes called the 1 δ -convexification of X) is defined by the quasinorm f X δ = |f | 1/δ δ . This allows us to define a Calderón-Lozanovskiȋ product Z = X 1−θ Y θ , 0 < θ < 1, which naturally inherits many properties from X and Y . If X and Y are Banach lattices with the Fatou property then so is the product Z, the dual can be computed as Z ′ = X ′1−θ Y ′θ , and L 1 = X ′ X by the Lozanovskiȋ factorization theorem (see [20] ). Let N + be the set of boundary values of the Smirnov class of analytic functions on the disc (see, e. g., [24] , [6] ). By N + ⊗ Ω we understand the set of measurable functions f on T × Ω such that f (·, ω) ∈ N + for almost all ω ∈ Ω. For a space X of measurable functions on T× Ω we define the corresponding Hardy-type space X A = X ∩ (N + ⊗ Ω). For example, from the Lebesgue spaces L p , 0 < p ∞ we get the usual Hardy spaces [L p ] A = H p , but this definition also yields the Hardy-Lorentz spaces H p,q , the weighted Hardy spaces H p (w ), the variable exponent Hardy spaces H p(·) , the vector-valued Hardy spaces H p (l q ) and many others.
Definition 2.1. Suppose that X is a quasi-normed lattice of measurable functions on T × Ω. We say that X satisfies property ( * ) with constant C if for any f ∈ X, f = 0 there exists a majorant g |f | such that g X C f X and log g(·, ω) ∈ L 1 for almost all ω ∈ Ω.
This property is often assumed to avoid degeneration. It says, essentially, that lattice X has a complete set of outer functions. If it is satisfied, then by [9, Lemma 2.2] it is also satisfied with arbitrary constants C > 1.
Let r > 0. If a r-convex quasi-normed lattice X of measurable functions on T×Ω has the Fatou property and property ( * ) then X A is a closed subspace of X; see, e. g., [16, §1] (where X is assumed to be normed, but this is easily generalized to quasi-normed lattices).
One of the interesting questions of the theory of interpolation spaces is their stability with respect to the intersection with subspaces. In the present work we only consider the stability with respect to the intersection with spaces of analytic functions, and so we only give the definitions of rather general phenomena specialized to the case of Hardy-type spaces. For the interpolation theory see, e. g., [1] . Definition 2.2. We say that a couple (X, Y ) of quasi-normed lattices of measurable functions on T × Ω is N + -stable with respect to an interpolation functor
For the real interpolation functors the N + -stability is implied by the following property, which is on its own of considerable interest.
The BMO-regularity properties introduced below were found to be closely related to the above properties. For the first time they were explicitly introduced and extensively studied, apparently, in [9] in order to characterize the stability of the complex interpolation for Hardy-type spaces, and then in [11] for both the real and the complex interpolation, although they were also somewhat implicitly used before in a different form (later found to be equivalent to BMO-regularity) in various stability results such as [12] . Definition 2.4. A quasi-normed lattice X of measurable functions on T × Ω is called BMO-regular with constants (C, m) if for any nonzero f ∈ X there exists a majorant u |f | such that u X m f X and log u(·, ω) BMO C for almost all ω ∈ Ω.
As a quick example we mention that all rearrangement invariant lattices that are intermediate spaces for the couple (L 1 , L ∞ ), such as the Lorentz spaces L p,q with 1 p, q ∞, are BMO-regular (see, e. g., [27, Proposition 2] ). On the other hand, if X is a BMO-regular lattice then the weighted lattice X(w ) is BMOregular if and only if log w (·, ω) ∈ BMO uniformly in almost all ω ∈ Ω (see, e. g, [27, Proposition 5] ). It is easy to see that if both lattices X and Y are BMO-regular then couple (X, Y ) is also BMO-regular. If X and Y are r-convex with some r > 0 then the BMOregularity of (X, Y ) is equivalent to the BMO-regularity of (X r ) ′ (Y r ) for lattices with the Fatou property (see [27, Theorem 8]) .
It is well known that BMO-regularity of a couple (X, Y ) implies its AK-stability (see, e. g., [11, Theorem 3.3] ). This (up to some detail) follows from the fact that couples (L ∞ (u) , L ∞ (v )) are AK-stable for the corresponding BMO-majorants (u, v ). The converse was long suspected to be true, i. e. that some kind of BMOregularity is also necessary for AK-stability, and for couples of weighted Lebesgue spaces AK-stability is indeed equivalent to BMO-regularity (see [11, Theorem 3.2] , [25, Theorem 1] with the original result obtained in [2, Theorem 1.8]). There are also some couples with additional variable for which it is true (see [16, Theorem 1] and [26, Theorem 2] ). However, we will show that under some natural assumptions AK-stability and even the stability with respect to the real interpolation are completely characterized in terms of a weaker property. Definition 2.6. Suppose that (X, Y ) is a couple of quasi-Banach latticers of measurable functions on T × Ω such that X is r-convex with some r > 0. We say
This definition is meant to be understood in the sense that the BMO-regularity is present for small enough values of θ. By Proposition 3.4 below, Definition 2.6 does not essentially depend on p and r.
By [27, Theorem 8] mentioned above and Proposition 3.3 below, a BMO-regular couple of quasi-Banach lattices is also weak-type BMO-regular. The converse is false in general; see examples at the end of this section. One crucial difference to note between the BMO-regularity and weak-type BMO-regularity is that, unlike the former, the latter is not stable under the multiplication of couples in its various specific forms, i. e. if (X, Y ) and (E, F ) are both weak-type BMOregular then (XE, Y F ) is not necessarily weak-type BMO-regular, not even for
Otherwise the main result coupled with [26, Theorem 2] would have given us the equivalence of the weak-type BMO-regularity to the BMO-regularity. Without the additional variable this multiplication also fails for BMO-regular couples of weighted Lebesgue spaces ( [26, Proposition 21] ). It still is not clear, however, whether the weak-type BMO-regularity is stable under multiplication by at least a couple of unweighted Lebesgue spaces (E, F ) = (L p , L q ) without the additional variable.
On the other hand, the distinction between these properties does not appear to be big. The equivalence of conditions (v) and (vi) of Theorem 2.7 below shows that under its assumptions the BMO-regularity is equivalent to the weak-type BMOregularity for couples obtained by the real interpolation from a single couple. For example, these properties coincide for couples of weighted Lebesgue spaces. Since both of these conditions are invariant under raising the lattices to any positive power, the convexity assumptions in this equivalence may be further relaxed away to the assumption that both lattices are r-convex with some r > 0.
There are other interesting natural spaces to be investigated where one might suspect the equivalence of the weak-type BMO-regularity to the usual one, such as couples of weighted vector-valued Lebesgue spaces L p (l q ) (w ), weighted Orlicz spaces and variable exponent Lebesgue spaces L p(·) to name a few. Now we are ready to state the main result of the present work. It establishes that under some standard assumptions the weak-type BMO-regularity completely characterizes various properties related to the stability of the real interpolation. Moreover, it also shows that these properties are closely related to one another, and both AK-stability and weak-type BMO-regularity are invariant under the transition to other couples on a single interpolation scale.
Theorem 2.7. Suppose that (X, Y ) is a couple of quasi-normed r-convex lattices of measurable functions on T × Ω with a discrete space Ω and some r > 0 satisfying the Fatou property and property ( * ) such that X 1−θj Y θj are Banach lattices with some 0 < θ 0 < θ < θ 1 < 1. The following conditions are equivalent.
(
is AK-stable for some (equivalently, for all) quasi-normed r-convex lattices E and F of measurable functions on T×Ω satisfying the Fatou property and property ( * ) such that E is of type
is AK-stable with some 0 < α < θ < β < 1 (equivalently, with all 0 < α < β < 1) and 0 < p, q ∞.
is BMO-regular with some (equivalently, with all) 0 < α < β < 1 and 0 < p, q ∞.
is weak-type BMO-regular with some (equivalently, with all) 0 < α < β < 1 and 0 < p, q ∞. (vii) (E, F ) is weak-type BMO-regular for some (equivalently, for all) lattices E and
In particular, a couple (X, Y ) satisfying the assumptions of Theorem 2.7 may be N + -stable with respect to the real interpolation (·, ·) θ,q but not with respect to the complex interpolation (·, ·) θ , since the latter stability is equivalent to the BMOregularity of the couple (X, Y ) (at least under some mild convextiy assumptions) by [9, Theorem 5.12] .
Condition (ix) generalizes the corresponding result for couples of weighted Lebesgue spaces (see [ 
We note that although the assumptions made in Theorem 2.7 are fairly broad, the generality of these results is still not entirely satisfying. In particular, the convexity assumptions on the lattices and the discreteness assumption on Ω arise because they provide crucial geometrical and topological properties of certain maps used in the proofs, and at present it is not clear how to get around these restrictions. A different approach yields the connection between AK-stability and BMO-regularity for arbitrary Ω but with certain restrictions on lattices. is a Banach lattice with some r > 0, but this at least covers all couples of weighted Lebesgue spaces, or, more generally, couples (X, Y ) such that X is q-concave and Y is q-convex with some 0 < q ∞.
We now give some examples of lattices Y such that couple (L 1 , Y ) is weak-type BMO-regular and hence AK-stable but Y is not BMO-regular. Let µ be a point mass, i. e. we do not consider the additional variable. For a measurable set E ⊂ T and quasi-normed lattices Y 0 and Y 1 of measurable functions on T we define a composite lattice
with a norm χ T\E f +χ E g Y = χ T\E f Y0 + χ E g Y1 . For simplicity we choose the half-circle E = [0, π) and the Lorentz spaces Y j = L t,sj , j ∈ {0, 1} with some 1 |f (e is )|ds, x ∈ R is bounded in Z =
, j ∈ {0, 1}, and Z 0 Z 1 : otherwise the equality
be the nonincreasing rearrangement of f restricted to the upper half-circle. Then g ∈ Z, M g ∈ Z and in particular χ T\E M g ∈ Z 0 . It is easy to see that g ∈ Z 1 \ Z 0 and M g(e −ix )
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Some properties of weak-type BMO-regularity
The following formula (also appearing in [18, Lemma 1] with a short proof) seems to be rather well known; see, e. g., [32, Theorem 3.7] . Proposition 3.1. Suppose that E and F are Banach lattices of measurable functions on the same σ-finite measurable space having the Fatou property such that EF is also a Banach lattice. Then E ′ = (EF ) ′ F .
Proposition 3.2. [28, Proposition 14]
Let X and Y be some quasi-Banach lattices of measurable functions on some σ-finite measurable space. Then
for all α > 0, 0 < θ < 1 and 0 < p ∞.
The following observation is a simple consequence of the well-known fact that a lattice Z is BMO-regular if and only if Z δ is A 2 -regular, [28, Proposition 17] and Proposition 3.2.
Proposition 3.3. Suppose that quasi-Banach lattices X and Y of measurable functions on T × Ω are BMO-regular. Then the real interpolation space (X, Y ) θ,q is also a BMO-regular lattice for all 0 < θ < 1 and 0 < q ∞.
Defition 2.6 of weak-type BMO-regularity does not depend on r and p.
Proposition 3.4. Suppose that (X, Y ) is a couple of quasi-normed latticers of measurable functions on T × Ω such that X is r-convex with some r > 0.
is BMO-regular for some 0 < θ < 1 (equivalently, for all sufficiently small θ > 0) and for some (equivalently, for all) 0 < s r, 0 < γ 1 and 0 < q ∞.
Indeed, by Proposition 3.3 we can take arbitrary p in Definition 2.6 with any smaller θ, since lattice L 1 is BMO-regular and by the reiteration theorem (see, e. g.,
for arbitrary 0 < η < 1 and 0 < q ∞. For the independence from r, ob-
The weak-type BMO-regularity has the natural symmetry, duality and divisibility properties. In the present work these properties are only used in the proof of Proposition 4.14 below under the assumptions unrelated to Theorem 2.8. Proposition 3.6. Suppose that X, Y and Z are r-convex quasi-normed lattices of measurable functions on T × Ω with some r > 0 satisfying the Fatou property. The following conditions are equivalent.
( With the help of the equivalence of conditions (i) and (ii), the equivalence of (i) and (iii) follows in the standard way (see, e. g., the proof of [27, Theorem 8] ). Condition (i) is equivalent to the weak-type BMO-regularity of (X r , Y r ), which is equivalent to the same of
which is equivalent to condition (ii). The symmetry, which is trivial for the usual BMO-regularity, seems to require the self-duality of the BMO-regularity property (see [16, Theorem 2] , [27, Theorem 1] and [29, Theorem 1] ). By Proposition 3.4 condition (i) is equivalent to the BMO-
with some 0 < θ < 1, which is equivalent to the BMO-regularity of Z
by Proposition 3.2. Since both lattices in the latter couple have order continuous norm, their intersection is dense in each of them, and their Banach duals coincide with the order duals. Moreover, the intersection of these spaces is separable by [10, Chapter IV, §3, Theorem 3], and it is also dense in the interpolation space Z 1 has order continuous norm. Therefore, by the duality theorem for the real interpolation [1, Theorem 3.7.1] and [27, Theorem 1] the BMO-regularity of Z 1 is equivalent to the BMO-regularity of the dual lattice
Raising it to the power 2 with the help of Proposition 3.2 and making use of Proposition 3.4 yields the equivalence to the weak-type BMO-regularity of (Y, X), which is condition (iv).
Bounded AK-stability and proof of Theorem 2.8
We need the following stronger species of the AK-stability property. They were introduced in [17] and in [26] respectively, but appeared implicitly in earlier research. 
The distinction between the AK-stability and the strong AK-stability appears to be mostly technical in nature; see Proposition 6.2 below and remarks before it. 
The meaning of the bounded AK-stability is clear from the following reformulation (clarifying the discussion in [26, Section 1.3]), which also easily generalizes to the AK-stability of several lattices. Proposition 4.3. Suppose that (X, Y ) is a couple of quasi-normed lattices of measurable functions on T×Ω satisfying property ( * ). Then it is boundedly AK-stable if and only if for any H ∈ (X +Y ) A and f ∈ X, g ∈ Y such that H = f +g there exist some
c g Y and U H∞ c with a constant c independent of f , g and H.
Indeed, it is easy to see that the bounded AK-stability of a couple (X, Y ) implies its strong AK-stability with decompositions of the form F = U H and G = (1−U )H (see, e. g., the proof of [26, Proposition 4] ). Conversely, suppose that we are given some f ∈ X and g ∈ Y . We may assume that these functions are nonnegative and, moreover, log f (·, ω), log g(·, ω) ∈ L 1 for almost all ω ∈ Ω by propety ( * ). We construct an outer function
Here H denotes the Hilbert transform acting in the first variable. Then function U from the assumptions also satisfies Definition 4.2 since |U |g |U H| and |1 − U |f |(1 − U )H| almost everywhere.
We will see that for couples satisfying the assumptions of either Theorem 2.8 or Theorem 2.7 the AK-stability is equivalent to the bounded AK-stability. It is easy to establish this equivalence in the important case X = L ∞ . These two simple results imply that a BMO-regular couple (X, Y ) is boundedly AK-stable, which was already noted in [26, §1.3] . For clarity, let us spell out an argument proving this. For a weight w , which for simplicity we assume to be positive almost everywhere, and for a lattice Z the weighted lattice Z(w ) is defined by Z(w ) = {w f | f ∈ Z} with norm g Z(w) = gw
. If u and v are some BMO-majorants in the sense of Definition 2.5 then (L ∞ (u) , L ∞ (v )) is boundedly AK-stable, which was already implicit in the proof at the end of [11, §3.4] . But for this couple the bounded AK-stability follows from the usual one: L ∞ , L ∞ u −1 v is AK-stable, so by Proposition 4.4 it is boundedly AK-stable, and we may apply Proposition 4.5 with Z = L ∞ (u).
The following result is a substantial improvement over [26, Proposition 6] . 
is then boundedly AK-stable. The following observation is well known. It is an easy consequence of the definition of the Calderón-Lozanovskiȋ product and the Young inequality (see, e. g., the proof of [17, Lemma 5] ).
Proposition 4.7. Let X 0 and X 1 be some quasi-normed lattices of measurable functions on the same measurable space. Then the Calderón-Lozanovskiȋ product X
The following observation is key for the "if" part of Theorem 2.8.
Indeed, let f ∈ L ∞ and g ∈ Z α . For simplicity we may assume that g is nonnegative and f = 1. Then g
by Proposition 4.7, where c is some constant independent of g.
is also BMO-regular, and hence it is boundedly AK-stable. Thus there exists some
From the second estimate it follows that
But we also have (1 − U )f L∞ C + 1. By Proposition 4.7 and the reiteration theorem lattice Z α is a space of type
with some constant c 1 independent of g. (1) and (2) together show that couple (L ∞ , Z α ) is indeed boundely AK-stable.
Lemma 4.9. Suppose that α, β > 0. A couple (X, Y ) of quasi-normed lattices of measurable functions on T × Ω is boundedly AK-stable with some constant C if and only if for any f ∈ X and g ∈ Y there exists some
To prove the "if" part, take some integer numbers M α and N β, let f ∈ X and g ∈ Y be some nonnegative functions, and a corresponding function V from the satement of the lemma. 
N V 1 = 1 with suitable estimates, and take V = U M V 0 . We mention that the use of the corona theorem can be easily avoided in the proof of Lemma 4.9, perhaps at a slight expense of clarity and generalizations to several lattices. In the "if" part we may first take V 1 = V M , which yields estimates |V |g
N then yields the bounded AK-stability of (X, Y ) by a similar estimate, and the "only if" part is treated in the same way.
Observe that by the homogeneity the conditions of Lemma 4.9 may be restricted to g Y = 1. Further replacing f with f 1 such that f = sf 1 and s = f X yields the following characterization of bounded AK-stability that will be used in the proof of Theorem 9.1 below.
The following observation is a generalization of Indeed, if f ∈ X δ and g ∈ X δ then by the bounded AK-stability of (X, Y ) there exists some V ∈ H ∞ such that
is boundedly AK-stable. We are now ready to prove the "if" part of Theorem 2.8 under the assumption that lattice X ′ Y is Banach.
Proposition 4.12. Let (X, Y ) be a couple of quasi-Banach lattices of measurable functions on T × Ω that are r-convex with some r > 0 satisfying the Fatou property and property ( * ). Suppose also that (X r ) ′ Y r is a Banach lattice. If (X, Y ) is weak-type BMO-regular then it is boundedly AK-stable.
is BMO-regular with some 0 < β, η < 1 such that βη = θ. Similarly to the proof of symmetry in Proposition 3.6, by the duality theorems for the real interpolation and for BMO-regularity
′α is boundedly AK-stable for all 0 < α < θ. Therefore, couple
is also boundedly AK-stable by Proposition 4.5 with Z = Y rα . Here we used the formula from Proposition 3. We establish the "only if" part of Theorem 2.8 under a somewhat broader set of assumptions, which cover the same assumptions as in the main results of [28] and follow the corresponding details of the reductions. However, we generalize them substantially, and at least some further generalizations appear to be possible. Specifically, [28] only had assumption (ii) below with p = 2, assumption (v) with p ∈ {1, 2, ∞}, and it did not have assumptions (iv) and (vi). From assumption (v) it follows that if one of the lattices is simultaneously p-convex and p-concave then we need no restrictions on the other lattice. For simplicity, we state these assumptions with some asymmetry and redundancy. Most prominently, assumption (vi) generalizes assumptions (ii), (iv) and (v). Proposition 4.14. Suppose that (X, Y ) be a couple of Banach lattices of measurable functions on T × Ω satisfying the Fatou property, property ( * ) and at least one of the following conditions:
(i) Lattices X and Y have order continuous norm and Y = X ′ ; (ii) X is p-convex and Y is p ′ -convex with some 1 p ∞; (iii) X ′ Y is Banach; (iv) X is p-concave and Y is p-convex with some 1 p ∞; (v) X = L p with 1 p ∞; (vi) X is p-convex and q-concave with some 1 p q ∞ and Y is
Suppose that under the assumptions of Proposition 4.14 couple (X, Y ) is AKstable. Under assumptions (i), Proposition 4.13 applied to Z = Y directly shows that the Riesz projection is bounded in Z 1 = (L 2 , Y ) ζ,2 with some 0 < ζ < 1, which implies by [16, Theorem 3 ] (see also [27] ) that Z 1 is BMO-regular. Lattice (L 2 , Y ) θ,2 1 We already mentioned in the introduction that the main results of the author published in [28] , unfortunately, are flawed. The cited corollary and other cited results from [28] , however, are sound.
is BMO-regular with some 0 < θ < 1.This yields the BMO-regularity of (L 2 , Y )
, which is the weak-type BMO-regularity of (X, Y ).
First we will show that the conclusion holds true if the assumptions (ii) are satisfied in the special case p = 2. Let X 1 = X 2 and ). This couple satisfies assumptions (ii) with p = 2, so it is weak-type BMO-regular, and Proposition 3.4 again yields the weak-type BMO-regularity of the original couple (X, Y ).
Under assumptions (iv) lattice X ′ is p ′ -convex, so lattice X ′ Y is 1-convex and the couple satisfies assumptions (iii).
Under assumptions (v) cases p = 1 and p = ∞ satisfy assumptions (iii) (in the case p = ∞ we need to reverse the order of the couple), so the interesting case is 1 < p < ∞. We may further assume that p 2, otherwise we may pass to the duals in the AK-stability by [16, Lemma 7] and then use the duality in Proposition 3.6. The AK-stability of (
Corollary to Lemma 4] is equivalent to the AK-stability of Y
p . By [17, Lemma 4] the latter AK-stability implies the AK-stability of
. This couple satisfies assumptions (i), so it is weak-type BMOregular. By running the respective multiplications and divisions in reverse we get the weak-type BMO-regularity of the original couple (L p , Y ) by Proposition 3.6. Now, suppose that assumptions (vi) are satisfied. If p = ∞ then assumptions (iv) are satisfied for couple (Y, X), so the interesting case is 1 is boundedly AK-stable, so by Proposition 4.14 it is weak-type BMO-regular, and by Corollary 3.5 couple (X, Y ) is weak-type BMO-regular.
Bounded N + -stability
Similarly to the bounded AK-stability, we may define a stronger version of N + -stability with respect to the real interpolation functors. Let λ > 1. We may fix the standard value λ = 2 in the present work. Recall that J(t, g; X, Y ) = g X ∨ t g Y for t > 0 and g ∈ X ∩ Y , and the real interpolation space (X, Y ) θ,p may be defined by the so-called J method as the space of functions f ∈ X + Y having decompositions f = j f j with finite norm
and the norm of f in (X, Y ) θ,p is taken to be the infinum of {f j } j∈Z X (X,Y ) θ,p over all such decompositions.
Definition 5.1. Let (X, Y ) be a couple of quasi-Banach lattices of measurable functions on T × Ω, and let λ > 1. We say that (X, Y ) is boundedly N + -stable with respect to (·, ·) θ,p with constant C if for any f ∈ [(X, Y ) θ,p ] A there exists some ϕ = {ϕ j } j∈Z ∈ H ∞ l 1 with norm at most C such that j ϕ j = 1 and
It is easy to verify that this definition does not depend on a particular choice of the parameter λ > 1. Unlike the bounded AK-stability, it is not clear if this property is stable with respect to the multiplication by a lattice as in Proposition 4.5. Also, it is not clear if there are easy and general equivalence results deriving it from the usual N + -stability similarly to Propositions 4.4 and 4.6, or if it is stable under raising to powers greater than 1. However, raising to powers 0 < δ < 1 still works, and it allows us to improve convexity of boundedly N + -stable lattices. 2 such that log g(·, ω) ∈ L 1 for almost all ω ∈ Ω. We construct the corresponding outer function G = exp (g + iHg).
Observe that G , which follows from the estimate
With the help of a fixed point theorem, we will show that bounded stability in the sense of Definition 5.1 often naturally arises from the usual stability. We will do this in a more abstract setting that will be useful elsewhere.
Definition 5.3. Let I ⊂ Z, M be a σ-finite measurable space. Suppose that X is a quasi-normed lattice of measurable functions on M × I and R is a quasinormed lattice of measurable functions on M. We say that X is summable if for any {f j } j∈I ∈ X the sum j∈I |f j | is finite almost everywhere. Let S n {f j } = j∈I∩[−n,n] f j , n ∈ N ∪ {∞}. We say that X is uniformly R-summable if S ∞ − S n X →R → 0.
Definition 5.4. Let M be a σ-finite measurable space, and suppose that X is a summable quasi-normed lattice of measurable functions on M × I. We define a lattice
For example, if X and Y are quasi-Banach lattices, taking I = Z and a lattice X (X,Y ) θ,p defined by the norm
Definition 5.5. Let I ⊂ Z and let X be a summable quasi-normed lattice of measurable functions on T × Ω × I. We say that J(X ) is N + -stable with constant C if for any f ∈ [J(X )] A there exists some F = {f j } j∈I ∈ X A such that f = j∈I f j and F X C f J(X ) . We say that J(X ) is boundedly N + -stable with constant C if in the above we may take f j = f ϕ j , j ∈ I, {ϕ j } j∈Z ∈ H ∞ l 1 with norm at most C.
In the example above, the (bounded) N + -stability of X (X,Y ) θ,p is exactly the (bounded) N + -stability of the couple (X, Y ) with respect to (·, ·) θ,p .
Theorem 5.6. Let I ⊂ Z and let X be a uniformly R-summable Banach lattice of measurable functions on T × Ω × I. Suppose that Ω is a discrete space, X has the Fatou property and J(X) has property ( * ). If J(X ) is N + -stable then it is boundedly N + -stable.
The proof of Theorem 5.6 is given in Section 7 below. As a consequence of Proposition 5.2, we at once get the following. The equivalence of AK-stability and the bounded AK-stability for Banach lattices with the Fatou property and a discrete Ω is an easy consequence of Theorem 5.6. The proof of Theorem 2.7 also allows us to relax the convexity assumptions; see Corollary 10.2 below. We also mention that although we only work with couples of lattices in this paper, the proof as written also yields the boundedness of the AK-stability for an arbitrary finite family of lattices.
Corollary 5.8. Suppose that X 0 , X 1 are Banach lattices of measurable functions on T × Ω satisfying the Fatou property and property ( * ). Suppose also that Ω is a discrete space. Then (X 0 , X 1 ) is AK-stable if and only if it is boundedly AK-stable.
Let I = {0, 1}. Suppose that (X, Y ) is AK-stable. Let g j ∈ X j be some nonzero functions, and define a lattice X on T × Ω × I with the norm {f j } j∈I X = j∈I g j −1 Xj f j Xj . The AK-stability implies the N + -stability of J(X ), and incidentally is equivalent to the latter satisfied uniformly over arbitrary functions g j ∈ X j , j ∈ I. Let h j |g j |, j ∈ I be the corresponding majorants from property ( * ), h = j∈I |h j | and H = exp (log h + iH log h) ∈ [J(X )] A with norm at most 2. By Theorem 5.6 lattice J(X ) is boundedly N + -stable with a constant C, so there exist some {ϕ j } j∈I ∈ H ∞ l 1 with norm at most C such that j∈I ϕ j = 1 and
Setting U = ϕ 0 yields the bounded AK-stability of the couple (X 0 , X 1 ). The uniform R-summability property is a convenient condition that ensures the closedness with respect to the convergence in measure (on all sets of finite measure) of the set of corresponding decompositions for lattices X with the Fatou property, and that lattices J(X ) inherit the Fatou property from X Proposition 5.9. Let (M, µ) be a σ-finite measurable space, I ⊂ Z, and let X be a uniformly R-summable Banach lattice of measurable functions on M × I with the Fatou property. Let C > 0. Then the graph of a set-valued mapping D X ,C :
is closed with respect to the convergence in measure on sets of finite measure. In particular, sets D X ,C (f ) are closed with respect to this convergence, they are nonempty for C f J(X ) and J(X ) is a Banach lattice with the Fatou property.
Indeed, let f k ∈ J(X ) and g (k) ∈ D X ,C (f k ) be some sequences such that g (k) → g and f k → f in measure on sets of finite measure. By passing to a subsequence we may assume that g (k) → g and f k → f almost everywhere, so g ∈ X with g X C by the Fatou property. Now
Let E ⊂ M be a measurable set of finite measure and ε > 0. The first and the third terms on the right-hand side of (3) converge to 0 almost everywhere in k for any n.
With the help of the Egoroff theorem and the diagonal process we may choose an increasing sequence n → k n such that S n g (kn) − g 2 −n and |f −f kn | 2 −n on a set F ⊂ E such that µ(E \ F ) < ε, and in particular the first and the third terms in (3) converge to 0 almost everywhere with k = k n . By the uniform R-boundedness
so the fourth term in (3) with k = k n converges to 0 in measure on sets of finite measure. Thus f = S ∞ g almost everywhere on F . Since ε > 0 and E are arbitrary, it is easy to see that f = S ∞ g almost everywhere, and therefore g ∈ D X ,C (f ), which shows that the graph of D X ,C is closed with respect to the convergence in measure on sets of finite measure. Now, with C > f J(X ) sets D X ,C (f ) are evidently nonempty, and
is nonempty as an intersection of a centered family of nonempty convex sets that are bounded in the lattice X with the Fatou property and closed with respect to the convergence in measure on sets of finite measure by [10, Chapter 10, §5, Theorem 3].
The topology of uniform convergence on compact sets
Our methods for establishing certain properties of interest such as Theorem 5.6 and its corollaries are based on a fixed point theorem, and they rely on the closedness of certain maps in suitable topologies that also make certain bounded sets of lattices compact. At present, it is not clear whether it is possible to carry out these arguments for general spaces Ω. Fortunately, at least for discrete spaces Ω there is a natural topology of uniform convergence on compact sets in D × Ω that allows us to verify the required properties of the maps without much trouble. Proposition 6.1. Let X be an r-convex quasi-normed lattice of measurable functions on T × Ω with a discrete space Ω and some r > 0. Suppose that X satisfies the Fatou property and property ( * ). Then the closed unit ball B XA of X A is compact in the topology τ of the uniform convergence on all compact sets of D × Ω.
Since τ is metrizable, it suffices to verify that for any sequence f n ∈ B XA there is a subsequence converging to some f ∈ B XA in τ . We will first prove the claim for Banach lattices X. Observe that there exists some g ∈ X ′ such that g X ′ = 1 and g > 0 a. e. (see, e. g., [26, Proposition 9] ). Lattice X ′ also satisfies property ( * ) (see [16, Lemma 2] ), so there exists some w ∈ X ′ such that w ∈ X ′ , w > g > 0 a. e. and log w (·, ω) ∈ L 1 for almost all ω ∈ Ω. We may assume that w X ′ = 1. Thus we can construct an outer function W = exp (log w + iH[log w ]) such that |W | = w almost everywhere.
Let Ω N ⊂ Ω, N ∈ N be an increasing sequence of finite sets such that N Ω N = Ω. We inductively construct a series of increasing sequences k → s N,k starting with s 0,k = k such that s N,k is a subsequence of s N −1,k . Sequence f s N −1,k W χ T×ΩN belongs to the unit ball of the space H 1 (T × Ω N ), which is dual to C (T × Ω N ) / C A (T × Ω N ), so there exists an increasing subsequence s N,k of s N −1,k such that sequence f s N,k W χ T×ΩN converges in the * -weak topology to some h N ∈ H 1 (T × Ω N ), and therefore
N , and we may define a function h by h(z, ω) = h N (ω) for z ∈ D and some N such that ω ∈ Ω N . For the diagonal sequence n ′ : N → s N,N we have f n ′ W → h in τ .
Finally, we need to verify that f = W −1 h ∈ B XA . Indeed, by a well-known corollary to the Fatou property (see, e. g., [26, Proposition 10] or [27, Proposition 3.3]) there exists a sequence ϕ j of finite convex combinations of {f n ′ } n ′ >j such that ϕ j → ϕ almost everywhere on T × Ω for some ϕ ∈ B XA , and we also have ϕ j → f in τ . Since ϕ j W (·, ω) H1 1 for all ω ∈ Ω, sequence ϕ j W satisfies the assumptions of the Khinchin-Ostrovskiȋ theorem ([24, Chapter 2, §8.3]), and it follows that the boundary values of W f coincide with ϕW , thus the boundary values of f belong to B X . Now suppose that X is r-convex with some r 1 N with some integer N 2 and f n ∈ B XA . X 1 N is a Banach lattice because it is 1-convex and satisfies the Fatou property, so the conclusion of Proposition 6.1 applies to it. By a similar construction to the above there exists some
and an outer function W such that |W | = w almost everywhere. We may raise the
, and hence they admit innerouter factorization F n = I n G n . Observe that both H 0,n = G h 1 ∈ B XA as claimed. It is interesting to note that Proposition 6.1 allows us to generalize the equivalence of AK-stability and strong AK-stability to quasi-normed lattices with discrete space Ω, although we do not use this generalization in the present work. For the case of Banach lattices and arbitrary Ω this was already established in [17, Lemma 3] . Proposition 6.2. Let (X, Y ) be a couple of quasi-normed lattices of measurable functions on T × Ω satisfying the Fatou property and property ( * ). Suppose also that X and Y are r-convex with some r > 0 and Ω is discrete. Then couple (X, Y ) is AK-stable if and only if it is strongly AK-stable. Indeed, suppose that H ∈ (X + Y ) A and H = f + g with some f ∈ X and g ∈ Y .
Following the proof of [17, Lemma 3] we construct a sequence of outer functions ϕ n such that |ϕ n | 1, ϕ n → 1 in τ and ϕ n H ∈ X A + Y A . By the AK-stability there exist some F n ∈ X A and G n ∈ Y A such that ϕ n H = F n + G n , F n X C f X and G n Y C g Y . By Proposition 6.1 there exists a subsequence n ′ such that F n ′ → F and G n ′ → G in τ with some F ∈ X A , G ∈ Y A , F X C f X and G Y C g Y . But then we also have H = F + G.
Proof of Theorem 5.6
We begin by stating a very general fixed point theorem from [22] ; for a good general reference on the fixed point theory see, e. g., [5] . This result is not difficult to get hold of for our purposes, even though the relevant theory is rather complicated and its key elements may not be familiar or even readily explainable to an interested reader coming from analysis.
Suppose that X and Y are topological spaces. A set-valued map T : X → 2 Y is called closed if its graph is closed in X × Y . T is said to be upper semicontinuous if for any closed set B ⊂ Y its preimage
is also closed. There is a more natural equivalent definition: T is upper semicontinuous if and only if for any open set U ⊂ Y the set
is also open. Thus a composition of of upper semicontinuous maps is also upper semicontinuous. It is easy to see that if Y is a regular topological space 3 and the values of T are closed then T is upper semicontinuous if and only if T is a closed map. T is called compact if the closure of its image T (X) is compact in Y . Observe that a composition of compact maps (and even a composition of a compact map with any map) defined on a Hausdorff compact set is also compact. For the notion and the definition of an acyclic topological space we (by necessity) refer the reader to [5] and to the various algebraic topology textbooks; in the present work we will only use the simple fact that convex sets of a topological vector space are acyclic. T is called an acyclic map if T is upper semicontinuous and its values are compact and acyclic.
A nonempty set X ⊂ E in a linear topological space E is called admissible (in the sense of Klee) if for any compact set K ⊂ X and any open set V ⊂ E, 0 ∈ V , there exists a continuous map h : K → X such that x − h(x) ∈ V for all x ∈ K and h(K) is contained in a finite-dimensional subspace L ⊂ E. In other words, X is admissible if any compact set K ⊂ X can be continuously and uniformly approximated by a family of finite-dimensional sets of X. In particular, any nonempty convex set of a locally convex linear topological space is admissible.
Let X be a nonempty convex set in a linear topological space E, and let Y be another linear topological space. A set P ⊂ X is called a polytope if P is the convex hull of a finite set in X. A map F : X → 2 Y belongs to the "better" admissible class B(X, Y ) if and only if for any polytope P ⊂ X and any continuous function f : F (P ) → P the composition f • F | P : P → P has a fixed point. Observe that admissibility refers in this notion to the existence of fixed points in a restricted sense. The class B(X, Y ) encompasses a large number of particular classes of maps that are known to have fixed points. In the present work we will only use the fact that this class contains finite compositions of acyclic maps. The corresponding fixed point theorem was established in [23] (see also [5, §19.9] for the statement in context), and it is possible to use it directly with minor adaptations, similarly to how the Fan-Kakutani fixed point theorem is derived from the Kakutani fixed point theorem. The result [22] , however, allows us to keep the necessary topological explanations to a minimum. Theorem 7.1 ([22, Corollary 1.1]) . Let E be a Hausdorff topological vector space, and let X ⊂ E be an admissible convex set. Then any closed compact map Φ ∈ B(X, X) has a fixed point.
We will carry out some arguments based on a fixed point theorem applied to maps acting on sets of some majorants in lattices. In many cases it suffices to endow the sets of logarithms of such majorants with the weak topology of a weighted space L 2 (ω); see, e. g., [30, Proposition 30] . However, it is not clear if the convergence in this topology implies the convergence in τ , since in general log ω / ∈ L 1 in the first variable. Otherwise property ( * ) could have been improved to majorants with logarithms in L 2 , but it is easy to find Orlicz spaces with property ( * ) that do not admit majorants with logarithms in L p for any p > 1. Fortunately, the sets of majorants still turn out to be compact in the weak topology of L 1 . Some care needs to be taken, however, since it is not clear if these sets are separable in this topology.
We only need to observe that log f Proposition 7.3. Let X be a Banach lattice of measurable functions on T × Ω with discrete Ω, and let f ∈ X. Suppose that X satisfies the Fatou property and property ( * ). Suppose also that log f (·, ω) ∈ L 1 for all ω ∈ Ω. Then for all A > 0 sets
First, suppose that Ω is trivial, so we only have one variable. It is well known that the positive part of the unit ball of a Banach lattice is logarithmically convex, so V X,f,A is a convex set. Observe first that by the Fatou property V X,f,A is closed with respect to the convergence in measure on sets of finite measure, thus V X,f,A is also closed in L 1 and therefore weakly closed. Now, by the Dunford-Pettis theorem it suffices to prove that the set V X,f,A is bounded and uniformly absolutely continuous. Let B be a measurable set of T. We take some w ∈ X ′ as in the proof of Proposition 6.1. Then {w g | log g ∈ V X,f,A } is a bounded set in L 1 , and by Lemma 7.2 we have log
as |B| → 0, and this convergence is uniform in log g ∈ V X,f,A . On the other hand, we also have
as |B| → 0 uniformly in log g ∈ V X,f,A . Therefore,
is bounded and uniformly absolutely continuous, which implies its relative compactness in the weak topology of L 1 . It follows that V X,f,A is also compact. Now, for arbitrary discrete Ω we consider the restricted lattices X ω = {h(·, ω) | h ∈ X} with the corresponding norm g Xω = g X , ω ∈ Ω. They also satisfy the assumptions of Proposition 7.3. By the Tychonoff theorem space V = ω∈Ω V Xω ,f (·,ω),A is compact with the product topology. It suffices to show that V X,f,A ⊂ V is closed in V . Observe that the map (4) Φ 0 (log g)(z, ω) = exp 1 2π
2π 0 e iθ + z e iθ − z log g e iθ , ω dθ defined for all log g(·, ω) ∈ L 1 , z ∈ D and ω ∈ Ω is continuous as a map from V X,f,A to AB XA with topology τ . The integral in (4) is the convolution with the Schwarz kernel, and Φ 0 (log g) is an outer function with the boundary values satisfying |Φ 0 (log g)| = g almost everywhere. If log g α ∈ V X,f,A is a net converging to some log g ∈ V in V then Φ 0 (log g α ) → Φ 0 (log g), and by Proposition 6.1 Φ 0 (log g) ∈ AB XA , so g X A.
On the other hand, since |Φ 0 (log g α )| |Φ 0 (log f )| on T, we also have |Φ 0 (log g α )(z, ω)| |Φ 0 (log f )(z, ω)| for all z ∈ D and ω ∈ Ω. Passing to the limit in α yields |Φ 0 (log g)(z, ω)| |Φ 0 (log f )(z, ω)|, and passing then to the boundary values shows that g f . Therefore, log g ∈ V X,f,A , and V X,f,A is indeed closed.
We now begin the proof of Theorem 5.6. Suppose that under its assumptions f 0 ∈ [J(X )] A with norm 1, and J(X ) is N + -stable with constant C. By property ( * ) there exists some f |f 0 |, f J(X ) 2 and log f (·, ω) ∈ L 1 for all ω. We define a set-valued map
It has nonempty convex values. Let us show that Φ 1 is upper semicontinuous with respect to τ . Indeed, suppose that g k ∈ 4B XA and h k ∈ Φ 1 (g k ) are such that g k → g and h k → h in τ . By [26, Proposition 10] and the convexity of the graph of Φ 2 we may replace them with a sequence of convex combinations such that additionally g k → g and h k → h almost everywhere. By Proposition 5.9 it follows that h ∈ Φ 1 (g). We also define a set-valued map Φ 2 :
XA . This map also has nonempty convex values. To verify its upper semicontinuity, suppose that
∈ 4CB XA and log w k ∈ Φ 2 ({h j } j∈I ) are such that h k → h in τ and log w k (·, ω) → log w (·, ω) in the weak topology of L 1 for all ω ∈ Ω. Let n ∈ N. Estimate (5) log
is satisfied on T × Ω. By [4, Proposition 2.2] the function on the left-hand side of (5) is subharmonic, and the function on the right-hand side of (5) is harmonic, so (5) is also satisfied on D × Ω. Passing to the limit in k, passing to the boundary values and then passing to the limit in n shows that log w ∈ Φ 2 (h). Now we define the composition map Φ = Φ 2 • Φ 1 • Φ 0 , which belongs to the class B V J(X ),f,4 , V J(X ),f,4 as a finite composition of maps taking acyclic values. Φ is closed and compact as a composition of compact upper semicontinuous maps. Thus by Theorem 7.1 there exists some log w ∈ V J(X ),f,4 such that log w ∈ Φ(log w ). This also implies that there exist some {h j } j∈I ∈ 4CB XA satisfying Φ 0 (log w ) = j∈I h j and j∈I |h j | 2C|Φ 0 (log w )|. Therefore, functions ϕ j = hj Φ0(log w) , j ∈ I satisfy {ϕ j } j∈I H∞(l 1 ) 2C, j∈I ϕ j = 1, and |f 0 ϕ j | |f0| w |h j | |h j | almost everywhere on T × Ω for all j ∈ I, which shows that {ϕ j } j∈I provide the N + -stability for f 0 with constant 4C in the sense of Definition 5.5. We note in passing that the constant can be improved to 2C if one takes advantage of the fact that the constant in property ( * ) can be made arbitrarily close to 1 (see [9, Lemma 2.2] ).
Sufficiency of condition (ix) for AK-stability
The following result is in a certain way a natural development of Corollary 5.8.
, it also provides a nice direct and selfcontained link between N + -stability with respect to (·, ·) θ,∞ and AK-stability. Observe that the AK-stability of (X, Y ) naturally implies the N + -stability of this couple with respect to (·, ·) θ,∞ , which in turn implies the inclusion (6) below. Moreover, after a more direct proof based on the Powers fixed point theorem we will show how a natural modification of this technique (building on some of the ideas from [31] ) allows one to prove Corollary 5.8 using only the Fan-Kakutani fixed point theorem.
Proposition 8.1. Suppose that (X, Y ) is a couple of Banach lattices of measurable functions on T × Ω with a discrete space Ω satisfying the Fatou property and property ( * ). Then
with some 0 < θ < 1 if and only if couple (X, Y ) is boundedly AK-stable.
Indeed, suppose that (6) is true and we are given some f ∈ X and g ∈ Y . The argument that follows is similar to the proof of Theorem 5.6, although the details (that we repeat for clarity) are somewhat simpler. We may assume that f and g satisfy log f (·, ω),
and we construct the outer function W = Φ 0 (log w), |W | = w on T × Ω, where Φ 0 is the map defined by (4) . Thus W ∈ X 1−θ Y θ A with the same estimate for the norm as w, and from (6) it follows that W = F + G with some F ∈ X A and G ∈ Y A satisfying F X Ct θ f
for all t > 0 with some C independent of f , g and t.
takes nonempty convex values for all log u ∈ D X , log v ∈ D Y . We also define a set-valued map Φ 2 :
that also takes nonempty convex values. We endow D X and D Y with the topology of weak convergence in L 1 (T × {ω}) for all ω ∈ Ω and CB XA , CB YA with the topology τ of uniform convergence on compact sets of D × Ω, which turns them into compact convex sets in the respective locally convex linear topological spaces (see Proposition 7.3 and Proposition 6.1).
It is easy to see that Φ 1 is upper semicontinuous. Let us show that Φ 2 is also upper semicontinuous. Suppose that Now we will show how Proposition 8.1 can be derived from the Fan-Kakutani fixed point theorem using a suitable approximation. Let Ω N be as in the proof of Proposition 6.1, 0 < r N < 1, ε N > 0, r N → 1 and ε N → 0. It is easy to see that a set-valued mapΦ
: if log u α ∈ D X , log v α ∈ D Y are some nets converging to some functions log u, log v and (F, G) ∈Φ 
is also lower semicontinuous, and it takes nonempty convex compact values. By the Michael selection theorem [21] there exists a continuous selection Φ
We now proceed as before with a set-valued map
in place of Φ. This map takes convex values and is upper semicontinuous. By the FanKakutani theorem [3] (which is a much less involved particular case of Theorem 7.1) Φ (N ) has some fixed points log
. By the compactness of D X × D Y and C X B XA × C Y B YA these sequences have some limit points log u ∈ D X , log v ∈ D Y , F ∈ C X B XA , G ∈ C Y B YA respectively, and it is easy to see that (F, G) ∈ Φ 1 (log u, log v), so (log u, log v) is a fixed point of the original map Φ, and the proof may proceed as before.
The scale of the bounded AK-stability can be extended
The following result is a generalization of Proposition 4.8. It is also a key component for both the necessity and the sufficiency of weak-type BMO-regularity for the stability of the real interpolation in Theorem 2.7.
Theorem 9.1. Let (X 0 , X 1 ) and (Y 0 , Y 1 ) be two couples of r-convex quasi-normed lattices of measurable functions on T×Ω with some r > 0 and a discrete Ω satisfying the Fatou property and property ( * ). Suppose that Y j is of type C θj (X 0 , X 1 ), j ∈ {0, 1} with some 0 < θ 0 < θ 1 < 1. If (Y 0 , Y 1 ) is boundedly AK-stable then so is (X 0 , X 1 ).
First of all, we may assume that r 1. By Proposition 4.11, Proposition 3.2 and the inclusion (X,
we may raise all lattices to the power 1 r and thus assume that they are all Banach.
Let Z j = (Y 0 , Y 1 ) δj ,∞ , j ∈ {0, 1} with some 0 < δ 0 < δ 1 < 1. Then by the reiteration theorem Z j = (X 0 , X 1 ) αj ,∞ with some 0 < α 0 < α 1 < 1, and this couple is AK-stable by [11, Lemma 1.1]. Then it is boundedly AK-stable with a constant C by Corollary 5.8.
The proof now follows essentially the same idea as the proof of Proposition 4.8. Let α 0 < β 0 < β 1 < α 1 . We will first show that couple (E 0 , E 1 ) with E j = X 1−βj 0 X βj 1 , j ∈ {0, 1} is boundedly AK-stable. Suppose that f j ∈ E j , j ∈ {0, 1} are some nonnegative functions such that f j Ej = 1, and let t > 0. With the help of property ( * ) we may assume that log f j (·, ω) ∈ L 1 for all ω ∈ Ω.
and ζ 1 = α 0 β1 β0 . Note that the arguments that follow are symmetric with respect to interchanging X 0 and X 1 and simultaneously replacing α j with 1 − α 1−j , j ∈ {0, 1}, and the same is true for β j and ζ j , so it suffices to verify these arguments and computations for one side only.
It is easy to see that 0 < γ 0 , γ 1 < 1 and ζ 0 = (β 0 − β 1 )
β0 +1−γ 0 , so in particular α 0 < ζ 0 , ζ 1 < α 1 and γ 1 < ζ 0 , γ 0 < 1 − ζ 1 . We take some ω j ∈ X γj j with norm 1 such that ω j > 0 almost everywhere, j ∈ {0, 1} (see, e. g., [26, Proposition 9] ). By making use of property ( * ) we may also assume that log ω j (·, ω) ∈ L 1 for all ω ∈ Ω. Let D j = V X γ j j ,ωj,2 , j ∈ {0, 1} be the sets defined in Proposition 7.3. Observe that for any log u j ∈ D j we have
The norms of these functions in these spaces are at most c, a constant independent of f 0 , f 1 and t. By the bounded AK-stability of (Z 0 , Z 1 ) there exists some U ∈ H ∞ with norm at most C such that U g 1 Z0 cCt and (1 − U )g 0 Z1 cCt −1 .
Let
c 2 t 1−η0 , and, similarly, (1 − U )g 0 F1 c 3 t −η1 with some c 1 , c 2 and c 3 independent of f 0 , f 1 and t. Thus, a set-valued map Φ 1 : D 0 × D 1 → 2 D0×D1×CBH ∞ defined by Φ 1 (log u 0 , log u 1 ) = {(log u 0 , log u 1 , U ) | U ∈ H ∞ , U H∞ C, U f takes nonempty convex values. Now suppose that U ∈ Φ 1 (log u 0 , log u 1 ). From the definition of the pointwise lattice products 
By replacing v j with v j ∨ω j , j ∈ {0, 1} we may assume that log v j ∈ D j at the same time as these estimates hold true. Thus, a set-valued map Φ 2 : Φ 1 (D) → 2 takes nonempty values for (log u 0 , log u 1 , U ) ∈ D that are convex. Now let Φ = Φ 2 • Φ 1 . Observe that Φ ∈ B (D 0 × D 1 , D 0 × D 1 ) as a finite composition of maps taking acyclic values. We will now show that this map has a fixed point by verifying that it satisfies the assumptions of Theorem 7.1. A slightly different approach to the proof of Theorem 9.1 is to establish first the corresponding asymmetrical theorem with X 0 = Y 0 , which leads to slightly easier computations (including the computations in Corollary 4.10 since we only need the case α = 1) and then consecutively apply it twice, first in order to extend the bounded AK-stability from the couple (Y 0 , Y 1 ) to the couple (Y 0 , X 1 ) under the assumptions of Theorem 9.1, and then extend it to the entire (X 0 , X 1 ).
Proof of Theorem 2.7
First we will establish the following general version of Proposition 4.12 under the additional assumption that Ω is discrete. This, in particular, proves (viii) ⇒ (ii). By the same reiteration theorem the lattices in this couple are also real interpolation spaces for the couple X 1−θ0 Y θ0 , X 1−θ1 Y θ1 of Banach spaces, so they are also Banach. We may assume that r 1, and let 0 < δ < r, E = X δ , Y Proposition 8.1 to couple (X 0 , X 1 ) yields its AK-stability, which proves (ix) ⇒ (iii). It remains to verify the "for all" parts of the conditions of Theorem 2.7. Suppose that couple (X, Y ) is AK-stable and (E, F ) are as in condition (iii). Let Y j = (E, F ) ηj ,p , j ∈ {0, 1} with some 0 < η 0 < η 1 < 1 and p > 0. Then by the reiteration theorem Y j = (X, Y ) ζj ,p , j ∈ {0, 1} with ζ 0 = (1 − η 0 )α + η 0 β and ζ 1 = (1 − η 1 )α + η 1 β. We choose η j so that θ 0 < ζ 0 < θ < ζ 1 < θ 1 . Then (Y 0 , Y 1 ) is a couple of Banach lattices, it is AK-stable by [11, Lemma 1.1], and thus boundedly AK-stable by Corollary 5.8. Applying Theorem 9.1 with X 0 = E, X 1 = F yields the bounded AK-stability of (E, F ), and hence condition (iii). The weak-type BMO-regularity of (E, F ), which is condition (vii), follows from Proposition 10.1. In particular, this also yields conditions (iv) and (vi).
Finally, observe that X δ , Y δ is boundedly AK-stable by Proposition 4.11, and it is a couple of Banach lattices for small enough δ > 0. We may repeat the proof of (i) ⇒ (v) above for this couple with . Raising it to the power 1 δ by Proposition 3.2 yields condition (v).
As a final remark, we explicitly note a more general version of Corollary 5.8 implied by the proof of Theorem 2.7.
Corollary 10.2. Suppose that X and Y are quasi-normed lattices of measurable functions on T × Ω with discrete Ω satisfying the Fatou property and property ( * ). Suppose also that X 1−θj Y θj , j ∈ {0, 1} are Banach lattices with some 0 < θ 0 < θ 1 < 1. Then (X, Y ) is AK-stable if and only if it is boundedly AK-stable.
